We establish the relationship between certain invariant extension properties for linear functionals of K. Fan when a semigroup S acts on a locally convex topological vector space and the existence of a left-invariant mean on the space of almost periodic and weakly almost periodic functions on S.
1. Introduction. Recently Fan [1] (see also [2] ) showed that when a group S acts on a real Hausdorff locally convex topological vector space E such that for each x £ E the orbit S(x) = {s ■ x,s E S) is (weakly) relatively compact, then it has certain extension properties for invariant linear functionals. He also pointed out in [1] and [2] that Theorem 3 in [2] (and therefore Theorem 1 in [1] ) implies von Neumann's mean value theorem for almost periodic functions. It is the purpose of the present note to clarify more fully this relationship between the extension properties of S for invariant linear functionals and the existence of a left-invariant mean on the space of (weakly) almost periodic functions on S. Our approach provides a unified and different proof to both Theorems 1 and 3 in [1] . It also shows that the completeness hypothesis in Theorem 3 of [1] can be removed.
It is our pleasure to thank Professor Ky Fan for providing us with a preprint of his work [1] .
Throughout this paper, 5 will denote a topological semigroup. By a (3) For each x E X, the map s -* s ■ x is continuous from S into (E,$) (resp. (E, weak)).
The action of S on £ is almost periodic (resp. weakly almost periodic) if for each x E E, the orbit S(x) is relatively compact in the ÎT topology (resp. weak topology).
Let C(S) denote the Banach space of bounded continuous real-valued functions on S with the supremum norm. For each a E S,f E C(S ), let (laf)(s) -/M for each s E S. Let AP(S) (resp. H^P(S)) denote the closed subspace of C(S) consisting of all /G C(S) such that {laf,a E S) is relatively compact in the norm topology (resp. weak topology) of C(S). A linear functional 9 on AP(S) (or H/y4P(5')) is a left-invariant mean if ||<p|| = <i>(l) = 1 and l*9 = 9 for each a G S, where /* denotes the transpose cil, 2. The mean theorems. Theorem 1. The following conditions on a topological semigroup S are equivalent:
(a) AP(S) has a left-invariant mean.
(b) For any almost periodic continuous right action of S on a Hausdorjf real topological vector space E, if L is an invariant subspace of E and K is a convex subset of E such that K -xQ is invariant for some xQ contained in L n Int K, then for each invariant linear functional 9 on L such that 9(x) < a for all x E L fi K and some fixed real number a, then there exists an invariant linear extension 9of9toE such that 9(x) < a for all x E K.
Proof, (a) implies (b). We may assume that 9 is nonzero. In this case 9(x0) < a. As in the proof of Theorem 2 [1] , define 9o on L:
9o(x) = 9(x)/(a -9(x0)) and let KQ = K -x0. Then 9o(x) < 1 for all x E L n K0. Let p be the Minkowski functional on E defined by A'q i.e. p(x) = inf{X > 0;x E \K0). Then p is sublinear, p(s ■ x) < p(x) for all i E S and x E E, and <#>0 < p\ L.
By the Hahn Banach extension theorem, <J»0 has an extension tj to E such that Tj < p. For each x E E, define (Txr,)(s) = t,(s ■ x). Then clearly Tx-n E C(S). Observe that if x, y E E and z = x -y, then Tx-q(s) -Tyr¡(s) = r¡(s ■ z) < p(s ■ z) < p(z) for each s E S. Hence \\Txt) -Tyr¡\\ < max{|/?(z)|, \p(-z)\). Consequently the map x -» 7^rj is continuous from E into C(S) with the sup norm topology. Also since la(Txt]) = Ta.xr¡, it follows that Tx-q is almost periodic.
Let m be a left-invariant mean on AP(S). Define ¡p0(x) = m(Txr]). Then i^0
is an invariant extension of <#>0. For x E L and s G S, we have (Txr¡)(s) = T)(i • x) = <i>0is ■ x) = </>0(x). So for each x E L, Txi\ E C(S) is the constant function <#>0(x), and therefore tf0(x) = ¿>0(x). Also ^0 < p. Consequently <//0(x) < 1 for all x £ K0. Now put 0 = (a -<|>(x0))t//0. Then <j> is the required extension.
(b) implies (a). Consider the continuous right action of S on APiS) defined by (a,f) -» laf. Let L be the subspace of APiS) consisting of constant functions, let K be the unit ball in APiS) and a = 1. Let a £ 5 be fixed, and define (#>(/) = fia) for each/ £ L. Then ¿> is clearly invariant and <>(/) < 1 for all / £ L n K. It is easy to see that any invariant extension <> of <¡> tô P(S) such that <£(/) < 1 for all/ £ # is a left-invariant mean on APiS). A simple modification of the above argument also proves:
Theorem 2. The following conditions on a topological semigroup S are equivalent:
(a) WAPiS) has a left-invariant mean. (b) For any weakly almost periodic weakly continuous right action of S on a Hausdorff real topological vector space E, if L is an invariant subspace of E and K is a convex subset of E such that K -x0 is invariant for some x0 contained in L n Int K, then for each invariant linear functional ¿> on L such that <i>(x) < a for all x E L D K and some fixed real number a, then there exists an invariant linear extension § of § to E such that <i>(x) < a for all x E K. (2) If aS n bS is nonempty for any a, b E S, then S has property (b) of Theorem 1, since in this case APiS) has a left-invariant mean (see [4] Theorem 3. The following conditions on S are equivalent: (a) APiS) has a left-invariant mean.
(b) For any almost periodic continuous right action of S on a Hausdorff real topological vector space E, if p is a continuous sublinear functional on E such that p(s • x) < p(x) for each s £ S and x E E, and if <#> is an invariant linear functional defined on a subspace F of E such that <#></>, then there exists an invariant linear extension <[>of<btoE such that § < p.
A similar statement for WAP(S) with "almost periodic continuous right action" replaced by "weakly almost periodic weakly continuous right action" also holds.
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